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ABSTRACT. The concept of isotopy plays an extremely important role in
the structure theory of simple quadratic Jordan algebras satisfying the minimum
condition on principal inner ideals. We take Koecher’s characterization of iso-
topy and use it as the basis of a definition of semi-isotopy.

It is clear that semi-isotopies induce, in a natural way, automorphisms of
the lattice of inner ideals. We concern ourselves with the converse problem;
namely, if 7 is a semilinear bijection of a quadratic Jordan algebra such that 7
induces an automorphism of the lattice of inner ideals, is n necessarily a semi-
isotopy? We answer the above question in the affirmative for a large class of
simple quadratic Jordan algebras satisfying the minimum condition on principal
inner ideals (said class includes all such algebras of capacity at least three over
fields of characteristic unequal to two). Moreover, we prove that the only such
maps which induce the identity automorphism on the lattice are the scalar
multiplications.

1. Preliminaries. In this paper, we continue our study of automorphisms
of the lattice of inner ideals of simple quadratic Jordan algebras begun in our
earlier paper [7]. In that paper, attention was focused on determining the auto-
morphism group of the lattice of inner ideals and on determining under what con-
ditions two algebras can have isomorphic lattices of inner ideals. In the present
paper our attention is focused on determining which semilinear bijections of a
simple quadratic Jordan algebra satisfying the minimum condition on principal
inner ideals induce automorphisms of the lattice of inner ideals. We will freely
make use of our earlier results and of McCrimmon’s determination of the inner
ideals for the algebras under consideration [9].

The concept of an isotope of a quadratic Jordan algebra plays an extremely
important role in the structure theory (see [3]). One defines an isotopy to be an
isomorphism of a quadratic Jordan algebra onto an isotope.

Received by the editors July 20, 1973.

AMS (MOS) subject classifications (1970). Primary 17C20, 17C30; Secondary 16A68.

Key words and phrases. Quadratic Jordan algebra, inner ideal, semi-isotopy, structure
group.

(1) Research supported in part by a University of Missouri-St. Louis summer faculty

fellowship.
Copyright © 1974, American Mathematical Society

413



414 J. M. KATZ

It is well known [3, p. 1.67] that a bijective linear mapping n of a qua-
dratic Jordan algebra 3 onto itself is an isotopy if and only if there exists a
linear mapping n* of J such that

(1) Uy =1*Um forall a€ J.

We define a bijective semilinear mapping 7 to be a semi-isotopy if there exists a
semilinear mapping 1* of J such that (1) holds. The set of all semi-isotopies
of 3 forms a group.

It is easily seen that the image of an inner ideal under a semi-isotopy is an
inner ideal. Thus every semi-isotopy induces in a natural way an automorphism
of the lattice of inner ideals. It is our intention to show that if n is a semilinear
bijection of a quadratic Jordan algebra which induces an automorphism of the
lattice of inner ideals then, under certain assumptions on the algebra, n is a semi-
isotopy. The method of proof will be by a case-by-case examination of the simple
quadratic Jordan algebras satisfying the minimum condition on principal inner
ideals. We will make use of the classification of such algebras due to Jacobson,
Osborn and McCrimmon (see [3] or [8]).

First, we prove the following general proposition concerning regular quadratic
Jordan algebras (i.e. those in which x € SUx).

PROPOSITION 1. Suppose m is a semilinear bijection of a regular quadratic
Jordan algebra 3 which induces an automorphism of the lattice of inner ideals
of 3. Then §=JU, if and only if Gn=3U,,

PrROOF. Since 7! also induces such an automorphism, it suffices to prove
that §=JU, implies §n = SUM

If ¢ €, cn€En which implies cn € (JU,n. Thus IU,, € QU,m
since (3U,)n is an inner ideal.

Since ¢en € 3Ucn, c=cmle (SUcn)n‘l. But since (SUcn)n"‘ is an
inner ideal containing ¢, we must have

30U, c QU n~t or QU C U,

giving the desired equality.

We will be applying the conclusion of Proposition 1 to simple quadratic
Jordan algebras satisfying the minimum condition on principal inner ideals, as these
algebras are known to be fegular.

2. The algebras Jord (Q, 1). In this section we deal with quadratic Jordan
algebras of quadratic forms with base points. In our previous paper [7] using re-
sults due to Dieudonné (see [1]), we showed that any automorphism of the lattice
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of inner ideals of a simple finite-dimensional algebra Jord (Q, 1), where Q isa
nondegenerate quadratic form of Witt index at least three, is induced by a semi-
similarity of the form Q. The reader is referred to our previous paper [7] for a
brief summary of terminology used in connection with these algebras. Jacobson
and McCrimmon [5, Theorem 8] have essentially shown that semisimilarities of
the form Q coincide with semi-isotopies of the algebra Jord (Q, 1). Thus to
prove that any semilinear bijection of Jord (@, 1) that induces an automorphism
of the lattice of inner ideals is a semi-isotopy, it suffices to show that any semi-
linear bijection that induces the identity automorphism on the lattice of inner
ideals is a semi-isotopy. Thus we prove the following lemma.

LEMMA 1. Let 3 =Jord (Q, 1) where (Q, 1) is a nondegenerate quadrat-
ic form of Witt index at least three and J is finite dimensional. Suppose m is
a semilinear bijection of  such that Gn = G for every inner ideal § of .
Then n is a scalar multiplication.

PROOF. We recall [9, Theorem 6] that the proper inner ideals of 3 are
precisely the totally singular subspaces of 3.

Let vy, v,, ", v, be abasis for a maximal totally singular subspace of
3 and v, v3, - -, vf be a dual basis to it. Then there exist o;, o;; € ® such
that

But since 7 is semilinear, it follows that o; = o; = a;; forall i and j
Thus let o be this common scalar. Similarly there exists a scalar 8 such that
vin = pv} for each i

Suppose i #j; then there exist Bii € & such that

F + vm = B,;(vf + v)) = Bvf + .,
Thus a =g.

Let y€®. Then (w; + vm =nun + un = yna; + av;. But there ex-
ists 6 € such that (yw; +v)n =8(yw; +v;). Thus by, = w; or & =a.
Hence (yn)a =vya or yn =+. Thus 7 is a linear mapping.

Let w be any other singular vector in J. Then there exists € € ® such
thet wn = ew. Thensince v, v,, ", v, is a basis for a maximal totally sin-
gular subspace, there exists i (1 <i<k) with Q(v;, w) # 0. Then by modifying
w by a scalar, we can suppose Q(v;, w) = 1. Let » = Q(vf, w).

O(av; + bv} + w) = abQ(v;, v) + aQ(v;, w) + bQ(], w) = ab + a + bw.

For av; + bvf + w to be a singular vector, we must have
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) a=-bv/(b+1)

which clearly has a solution other than a =5 =0 if & has more than two
elements. Thus we make this assumption and suppose @ and b satisfy (2).

Then there exists u € ® such that (av; + bv} + w)n = u(av; + bv} + w)
since av; + bv} + w is singular. But (av; + bv}' + win = aav; + bav} + ew.
Thus since @ and b are not both zero, we obtain u = a.

Thus wn = aw holds for all singular vectors w if |®|=> 3.

If [|=2, then a=1 and e=1 since n is bijective. Thus again
e=a.
Thus 7 is a linear mapping of J such that wn = aw holds for all singular
vectors w € J.

Since I has a basis consisting of singular vectors, 7 must be scalar multi-
plication by «, proving the lemma.

Thus we have proved the following:

THEOREM 1. Let 3= Jord (Q, 1) be such that (Q, 1) is a nondegenerate
quadratic form with base point of Witt index at least three on a finite-dimensional
vector space 3. If n is a semilinear bijection of 3 which induces an automor-
phism of the lattice of inner ideals, then 7 is a semi-isotopy. Moreover, n in-
duces the identity automorphism on the lattice if and only if n is a scalar multi-
plication.

3, The algebras (D;, v) where O is an octonion algebra. In our previous
paper [7], we used results of Faulkner [2] to show that every automorphism of
the lattice of inner ideals of an algebra J = 9©;, 7) is induced by a semisimi-
larity of 3. By a result due to Faulkner [2, Theorem 1.1], the semisimilarities
and semi-isotopies of 3 coincide. Thus to prove that any semilinear bijection of
3 that induces an automorphism of the lattice of inner ideals of 3 is a semi-
isotopy, it suffices to prove that any semilinear bijection of 3 which induces
the identity automorphism on the lattice of inner ideals is a semi-isotopy.

By passing to an isotope, we can suppose v = 1; i.e., the involution in O,
is the standard involution. We make this assumption from now on.

LEMMA 2. Suppose n is a seiilinear bijection of 3= 9®;) such that
Bn =B for every inner ideal B of J. Then n is a scalar multiplication.

PROOF. J has a basis consisting of elements of rank one which we will de-
note f,f,, " ,f,7 where each f, is either of the form e; (i=1,2,3) or
e; + n(ag)e;; + ai [if] where (ij k) is a cyclic permutation of (123). If ©
is an octonion division algebra n(a;) # 0 (since a;, # 0). If O is a split oc-
tonionalgebra, then it is clear that we can choose @, such that n(z;) =0 for
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any g, that occurs in our basis (since a split octonion algebra has a basis con-
sisting of noninvertible elements).

Then since n(- a,) = n(ay), n(ayle; + ej; —ay[ij] is also an element of
rank 1. Let & = n(ay).

Then

(e; + 59,7 + a, [ii])m =B, (e; + 53,‘,' + a; [4]);
(6e;; + €jj — A [{1)n = B,(8e;; + €jj — [#1).
Thus 7 maps (6 + 1)(e; +e¢;) to
B,y + 8By)ey; + (8B, + Brley; + (By — By [i].
But e;n = ve;, for some 7, € ®. Thus 7 maps (5 + 1)(e; +e¢;) to
7@ + Dne; + 76 + Dne.
Then it follows that B, =8, and

(6 + DBye; + (5 + 1Bye;; = 7,6 + Dmey + 7,6 + Dyney;.
Thus
€)) @+ DB, =70+ Dn=706+1)n.

Thus either § +1=0 or 7; = - If ® is a field with more than two
elements, by multiplying a, by a scalar, we can force & = n(a;) to be unequal
to — 1. If |®| =2, then O is split, and n(a;) =0 by the choice of a, for
the split case. Thus ;= 17; for all i and j.

The proof of the linearity of 7 is divided into two cases depending on
whether £ is split or not.

Suppose O is split. Then (e; + a; [if]1)n = B,(e;; + a; [ij]). Then B, =
v; (since ®a; [ij] is an inner ideal). Thus, for any @, with n(g;) =0,

@ [i])n = va, [if]. Butlet o € ®; then

(o [i7])m = (am)v i, [if].

But (aay [ii])n = aya, [ij] (since n(oa,) = 0). Thus since v; # 0, @ =an for
all a € . Hence 7 is linear.
Now suppose £ is an octonion division algebra. Let
by =e; +a’be; +aafif] and b, =e; + be; +a, [i].

Then since b, and b, are elements of rank one, there exist scalars § and g
such that b,n =fb, and b,n =pPb,. Let a €P. Then
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by —abyn=(1-a)ve; + (a?5 - ad)ny e
But

(b, —aby)n =byn— (em)b,n
= (8 — onBle;; + (@?8f - anBd)e;; + (B'a — amBay [if] -

Equating the coefficients of e;;, ¢; and a;[i] in these two equations
and performing some simple algebraic manipulations yields §a = (am}(én) or
(08)n = a6. But this holds forall 1#a€ ® and 0+# 8§ € . Thus it follows
that 7 is linear.

Thus it follows from (3) that 8, =%;. Hence n is a linear mapping of J
such that bn = ;b for each b in a basis of J. Thus by = v;b forall b in
3, completing the proof of the lemma and the following theorem.

THEOREM 2. Let 3=9(D;) where O is an octonion algebra. If n is
a semilinear bijection of & which induces an automorphism of the lattice of
inner ideals, then n is a semi-isotopy. Moreover n induces the identity auto-
morphism on the lattice if and only if n is a scalar multiplication.

4. The algebras 9(4A,, *) where * is a hermitian involution. In this sec-
tion we prove that if 7 is a semilinear bijection of J=9(A,, *), where A is
a divison ring, n >3 and * is a hermitian involution, such that 8n is an inner
ideal for every inner ideal B of J, then 7 is a semi-isotopy of J. First we
prove the following lemma.

LEMMA 3. Suppose n is a semilinear bijection of 3= O, *) such that
Bn =B for every inner ideal B of I. Then n is a scalar multiplication.

PROOF. Since de; = e;Je;; is a minimal inner ideal, there exists a;; € ®
such that e;m = a;e;;. Similarly since

Bey + e + [1]) = (e + €5 + [H])Iey; + € + [4])

(where [if] denotes 1[if] throughout this paper) is a minimal inner ideal, there
exist a;; € ® such that

(e + € + [iDn = ey + e + [i]).
Since JU,(;;) € Pe;; + ey + Afi],
(clim = v, + 8¢ + '[4]
where 7,8, € ®,0#c €A (by regularity of J).

Every matrix in the inner ideal generated by c[ij] + c[ik] has rank at most
two over .
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Thus (c[if] + c[ik])n must have rank two over ®. But
[ + clik])n = ;e + 8,85 + €] + Vigess + Sy + €' [ik].

For (c[if] + c[ik])n to have rank two over P, there must exist w7, 7, € €
® (not all zero) such that

"(71] + 7ik3 C C ) + T(C 8 0) + €( 0 6"‘) 0

ijs
Thus either 7 =0 or ¢',c" € d.
First suppose ¢, c" € ®. Let F = (v; + vy)e; + ¢ [if] + c"[ik] + 8, +

F3IF = ([i] + [kD)3([5] + [ik])

since FOF = ([if] + [k 3([ii] + [ik])n. If B= ZBey + Zby[ij] is an arbi-
trary element of J, we obtain that FBF has as coefficients of ii» € and
[ik], respectively,

¢'2; + '8,;4(b;) + 8,°8;,
"2B; + ¢"8;t(byx) + 8,%By,
c'c"B+ c"8yby; + 8,8 bjy + 84 Cby
By choosing the B; and b;; properly and noting that
F3F = ([5] + [K])DI([H] + [ik])

so that the coefficients of e;, e,;, and [jk] are equal, we obtain de"=c
¢"? and 8,;=8, =0 (since ¢, c" #0).

Secondly, suppose m = 0; then an easy inspection shows that §;; = S =
0. By an argument similar to that given in the previous case, we deduce c'c’ =
c¢”" =c"¢" which implies that ¢’ = ¢".

Thus in all cases, 8; =8, =0 and ¢’ =c". Arguing similarly, we deduce
Y = Yie = 0.

Thus c[ijln = c'[ij] and e;n = oyey. Since (e + e + [ m = eyey; +
o + 1'[if], we must have ay; = a;; (since P(e; + e;; + [ij]) is a one-dimen-
sional inner ideal). Let a = oy

Let b € A; then

G + 1[]DIG ] + 1[ik])
= e, + B(n(ble; + exy + BUKD + A(1[ij] + b7 [ik]).

2

Suppose b[ij]n = c[ij]. Then calculating (c[ij] + a[ik])J(c[i] + afik]) and
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using the fact that n induces the identity map on the lattice of inner ideals, we
obtain

n(c)e; + aleyy + acljk] = B(n(blej; + exy + b[jk]) for some B € .

Thus 8= a? which implies a?b = ac or ¢ = ab. Thus b[if]n = ablif]
forany b€ A,i and j. Thus n is just the mapping 4 —ad forall 4 €J,
proving the lemma.

Before proving a proposition concerning semilinear bijections, which induce
automorphisms of the lattice of inner ideals, we will require the following lemma.

LEMMA 4. Suppose o is an inner automorphism of A,. Then there ex-
ists a semi-isotopy n of 3=9(4,,*) such that (EJE*)n = (Eo)A, N for
every idempotent E € A,. Thus any automorphism of the lattice of inner
ideals of 3 corresponding to an inner automorphism of A, s induced by a
semi-isotopy.

PROOF. It is well known that the structure group of J is the set of all
mappings THp where 7€ Aut A, and there exists H € J such that 7~ 1#7* =
I; [4]. The group of semi-isotopies consists of all mappings oHy where o is
a ring automorphism, not necessarily an algebra automorphism and H is as above.
Suppose o is an inner automorphism of A,, say ¢ =1,; then 0" l*g* = IHa
where H, = A~'(A~1)* Thus o(H,), is a semi-isotopy.

Thus

(ESE*)o(H,)g = (E0)Jo(E*0)H,)r
=A"1EAA~ 13447 ' E* 44~ (A~ V)* C (E0)A, N J;

the desired equality then follows by working with (E6)J(E0)* and applying
o~ !, proving the lemma.

We are now ready to prove the following proposition which when combined
with Lemma 3 will give us the desired result for this case.

PROPOSITION 2. Suppose n is a semilinear bijection of 3= @(An, *),
where A is a division ring, n 23 and * is a hermitian involution, such that
@n is an inner ideal for every inner ideal B of J. Then n is a semi-isotopy.

PROOF. By Theorem 3 of [7], there exists a ring automorphism ¢ of A,
such that (ESE*yn = (E¢)A, N'J. Since ¢ is a ring automorphism of A,
there exists a ring automorphism ¢ of A and C invertible in A, such that
@pe=C" l(aiid/)C Then let ' be the semi-isotopy of J corresponding to
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the inner automorphism ¢': A — C~'AC of A, (Lemma 4). Then consider
n(n)~!. This semilinear bijection induces an automorphism of the lattice of
inner ideals which corresponds to the ring automorphism (a;) — (a;;¥) of A,.
Thus the ring automorphism corresponding to 7(n')~! fixes all matrix units of
A,. Toshow n is a semi-isotopy, it suffices to show n(n')~! is a semi-isotopy;
i.e., it suffices to consider the case in which ¢ fixes all €y

Since everything involved remains unchanged under passage to an isotope,
we suppose * is the standard involution.

By a result due to McCrimmon [9, Main Theorem], every inner ideal in J
is principal. By Proposition 1, (B3B)n = (Bn)J(Bn). By our previous results
[7, Proposition 4], (B3B)n = (B)A NI (where we write A for A, to sim-
plify notation). But (Bn)3(BnA = (Bn)A [7, Proposition 4]. Then it follows
that (B¢)¥ = (Bn)Y holds for all BE J. Thus (Bno~ 1)U = BA holds for
all Be J.

Let B =e;; the only row of Bn¢~! that can be nonzero is the ith row.
Thus the only row of Bn that can be nonzero is the ith row. Thus Bn € ®B
for B=e; (since e;AN J = de;).

Let B =[ij]; then Bno~! can have only rows i and j unequal to zero;
hence the same is true about Bn. Thus Bn € A[ij] + ®e;; + <I>el-,- and Bnop~! €
Pe;; + ey + Aey; + Ay

Thus,
[W1ne™" = ayey; + oyey; + byey; + byeyys
[iK1nd™" = ayey; + i + birein + by
Thus,

([F] + [EDnd ™t = (o + ayde; + 085 + rp
+ b,-le,.j +bep + b].,el-,. + byeri

But [ij] + [ik] has row k =row j. Thus so does ([if] + [ik])me~ 1.
Hence a; = a;; = 0. Similarly working with [if] and [jk] gives o =0a; =0.

Thus [ii]n C Al4].

In e; +e; +[ij], rows i and j are equal; since this property must be
preserved under n¢~! we have (¢; +¢; + [H])md™" = ale; + e;; + [i7]) for
some a € ® (since e;mp~! € Pe,).

Suppose 7y € ®; then

(e + 7v%e;; + Y[ Mg ™" = ae;; + a(vnd™")%e; + a(yne™ H[i].

We must have row j being v times row i. Thus a(yn¢~')=ya or y = yn¢~!
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for all Y€ ®. Thus ng~! is ®-linear.

Let ¢ be an arbitrary element of A; suppose c[if]n = cye; + c,le], Then

ey + clif] + nce)ns~"
—_ —1 -

But then row j being ¢ times row i implies n(c)x = c(c;6™") or
co = ¢ U oor (ac)p = ¢ . Thus Cij does not depend on i and j, just on
¢ and 7. Hence we set cn Cyj-

Then we obtain ac = cn¢~ 1. Thus n = ¢ap where ¢ is a ring auto-
morphism of A, and a € d.

But it is well known [4] that any such mapping n thatmaps 3 to J is
a semi-isotopy of 3, proving the proposition.

Thus we have proved the following theorem.

THEOREM 3. Let 3 = S)(An, *) where A is a divison ring, n >3, and
is a hermitian involution. Suppose m is a semilinear bijection of & which
induces an automorphism of the lattice of inner ideals; then 7 is a semi-isotopy.
Moreover 1 induces the identity automorphism of the lattice if and only if n is
a scalar multiplication.

*

5. The algebras $Q,, *) where Q is a split quaternion algebra. In this
section, we prove results analogous to those proved in the previous section for the
case (4, *). The arguments are simplified considerably by the fact that there
are “more” inner ideals in this case [9].

LEMMA 5. Suppose 3 =9Q,, *) where Q is a split quaternion algebra
over its center ® and n = 3. If n is a semilinear bijection of & such that
Bn =B for every inner ideal B of I, then m is a scalar multiplication.

PROOF. Since e, = e;Je;; is an inner ideal, there exist &; € ® such
that e;n = ae;;. If a € eQ for some primitive idempotent € in L, then
@a[ij] is also an inner ideal; thus there exists &y, € ® such that a[i]n =

;;,a[i]. McCrimmon [9, Main Theorem] has proved that if € is a primitive
idempotent in Q, Pe;; + eQif] is a point space (i.e., every ® subspace of it is
an inner ideal). From this result of McCrimmon’s it follows that &; = a;;, for
any i and j and for any noninvertible @ €Q. Let us denote this common value
by a.

For any B € ®, ®(Be;; + €[ij]) is an inner ideal; thus

(Bey; + elif])n = Br)e;m) + (elifDn = (Bn)oey; + oeli].
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But (Bn)ae;; + aelij] € ®(Be;; + €[ij]). Thus fn =B which implies that 7 is
linear.

Since E= {e;l 1 <i<n}U {afij]le €C noninvertible} contains a basis
for $@Q,, *) and since 7 acts as scalar multiplication on elements of E and is
&d-linear, 1 is a scalar multiplication proving the lemma.

For the algebras 3 =9Q,, *) there is a result analogous to Lemma 4.
The proof of the result [7] is similar to the proof of Lemma 4 as the determina-
tion of the group of semi-isotopies is identical to that of the previous case [4].
We freely use this result in the proof of the following proposition.

PROPOSITION 3. Suppose 3 =9, *) where n=>3 and Q is a split
quaternion algebra over its center ®. If m is a semilinear bijection of 3 such
that Bn is an inner ideal for every inner ideal B of 3, then n is a semi-
isotopy.

PrROOF. By [7, Proposition 5], there exists a ring automorphism ¢ of ,
such that (EJE*)n = (EP)A N for all idempotents E of even rank in 9
=L<,).

Since ¢ is a ring automorphism of Q,, ¢ is given by

@ =C '@ §)C

for some ring automorphism p of Q and some C invertible in Q,,.
But then since Q is isomorphic to ®,, p is given by

(“ij)P =B~ l(“ij‘lf)B

. for some automorphism ¢ of ® and B invertible in ®,.
Thus ¢ is given by

B} =D @D, 1<ij<2m,

where Y is an automorphism of ® and D is invertible in ®,,,.

Then as in the proof of Proposition 2, we can suppose that ¢ stabilizes all
the matrix units of ®,,; ie. ¢ stabilizes eeyy, ee; (1<ij, k<n) for e=
GoGokr@D amd GDEQ

Suppose E is an idempotent of rank 2 in ¥ and consider EJE*. Then
[7, Lemma 7] (ESE*)Y =E¥U = BY for some BE J. Thus (EJEMA =
B3B)Y.

Then (BIB)n = (Bn)J(Bn) (Proposition 1) which is equal to (Bo)¥ N J.

Thus ((B3B)U = (Bn)YA = (B$)A which implies that (Bng~!)¥ = BU.

Take B = e[if] for the four values of € described earlier. Then
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BA=e[ij]A = TeQe,+ %}E»ae,.k.
k

Thus the only possible nonzero rows in Bn¢~! are rows i and j. The
(@, k)th entry of Bng~! must be in eQ and the (j, k)th entry must be in Q).
Since ¢ maps eQ to €Q and eQ to eQ and n maps I to J, it follows
that the only nonzero entries in Bn can be in the (i, j)th and (j, i)th positions
and these entries must be conjugate under the involution in Q. From that and
the fact that (Bn); € eQ and (Bn);; € €Q, it follows that (Bn),; € Pe.

Then by an argument similar to that used in the proof of Lemma 5, it follows
that there exists a € ® such that e;n = ae; and e[ij]n = aelij] forall i j
and € as described above. From this it follows that An = a4y for some auto-
morphism ¢ of ®. By the determination of the group of semi-isotopies [4], it
follows that n is a semi-isotopy.

Thus we have proved the following theorem.

THEOREM 4. Suppose 3 =9Q,, *) where  is a split quaternion algebra
over its center ® and n > 3. A semilinear bijection n of J induces-an auto-
morphism of the lattice of inner ideals if and only if n is a semi-isotopy. More-
over 1 induces the identity automorphism if and only if n is a scalar mudtiplication,

6. The algebras A* where ¥ is simple artinian. In this section we sup-
pose that 3 = Ut where ¥ is a simple artinian algebra; then ¥ is isomorphic
to A, where A is a division ring. Under the further assumption that n =3
we prove that every semilinear bijection of A* which induces an automorphism
of the lattice of inner ideals is a semi-isotopy. First we prove the following pro-
position.

PROPOSITION 4. Suppose U= A, where A is a division ring and n = 3.
If n is a semilinear bijection of W which induces an automorphism of the lattice
of inner ideals, then 7 has necessarily one of the two forms.

X — P(Xp)Q or X— P(Xe)Q

where P and Q are invertible in A, p is an automorphism of A and € is an
anti-automorphism of A.

ProOF. Let R (resp. L) denote the lattice of right (left) ideals of .
Then by an argument similar to that used in the proof of Proposition 2 of [7], it
follows that either Rp=R and [n= L, or Rp=L and Lnp=R.

Suppose Rn = R. Then there exist ring automorphisms ¢ and ¢ of U
such that IR = ¢ and nlL = Y. Then there exist ring automorphisms ¢ and
7 of A and invertible elements P and Q in U such that X¢ = P~ !(Xo)P
and Xy = 0~ '(XnQ.
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Then consider the mapping 7': X — P(Xn)Q~!. It follows that for any
E, Fe,

EW®n = EWXoPQ™' and WAF) =P~ 'AF)r.

It is clear that (e;Wn’' = e;A and that (Ue;)n’ = Ue; hold for all i
and j. But Ae; = e, N WUe;. Thus (Aey)n' = Aey. Thus there exist d;; € A
such that e;n' = de;;.

It is also clear that #' fixes the minimal left ideal that has columns j and
k equal and all other columns equal to zero. Thus ' fixes A(e; + e;) from
which it follows that d;; = dy;. Similarly one obtains dj; = d;;. Thus all the
d;; are equal. Let d be this common value.

Let c €A, then (e + cepn' =dey + c'ey;. Since (cey; + cey)n’ must
have rows i and k equal, ¢’ dependsonly on ¢ and n and is independent
of k and j. Define a mapping ¢ of A to itself by c¢ =c'd~!. Then since
¢ — ¢ is a bijection of A, sois ¢.

Next we want to show that ¢ is an automorphism of A. Let b, c € A;
then

(bey; + ceij)n' =G+ C)eij)ﬂ' = (b + c)pdey;

Thus (b +c)p = bp + cp. To show that ¢ preserves multiplication, let
b, c € A. Then

(e + beyj)e = cey; + beey.

Thus ((e; + bey)em’ = (co)dey; + (be)pdey;. But (e + bey)n'Y is the right
ideal with row k equal to b¢ times row i Thus (bo)cop)d = (bc)pd, or
since d # 0, (bp)(cop) = (bc)p as required.
Thus Xn' = (X¢)d where ¢ is a ring automorphism of A and d € A.
Thus

PXnQ~'=(X¢)d or Xn=P '(X¢)dQ =P~ '(X$)Q'

where ¢ € Aut A.

~ Finally, we must consider the case in which Rn = L. Then there exists an
anti-automorphism ¢ of . Then Rn¢~! = R. Thus by the previous case
Xnt~! =P 1X¢Q or Xn= QtX¢t(P~'). Butsince ¢¢ is an anti-automorphism
of ¥, it is given by X¢t = C~1*(Xe)C where e is an anti-automorphism of
A. Thus Xn = A'(X€)B where € is an anti-automorphism of A and 4, BE€
4A,, are invertible, proving the proposition.
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It is well known [4] that the mappings which appear in the conclusion of
the proposition are precisely the semi-isotopies of A,. Thus we have the follow-
ing corollary.

COROLLARY. Suppose n is a semilinear bijection of A:‘ which induces
an automorphism of the lattice of inner ideals; then n is a semi-isotopy.

It remains to determine which semilinear bijections induce the identity auto-
morphism of the lattice of inner ideals. The result in this case is the following
lemma.

LEMMA 6. Suppose 3 = A} where A is a divisionring and n > 3. If
n is a semilinear bijection of 3 such that Bn =B for all inner ideals B of
S, then 7 is a scalar multiplication by an element of the center of A, (=
center of A).

PrROOF. Since n induces the identity automorphism on the lattice, we
must have Rn = R. As in the proof of the previous proposition, there exists
d € A such that e;n =de; forall i and j. Suppose ¢ € A; then
(eil- +oegm =de,j +(c¢)de,q-. But since row k must be ¢ times row i, ¢ = c.
Thus ¢ is the identity map on A. Thus Xn = Xd forall X€ A,. Consider
U(e;; + ceyy). This left ideal has column k equal to ¢ times column j.
(U(e;; + cey))n has column k equal to column j times d~'cd. Thus we must
have d~lcd=c¢ forall cEA or dE center A.
Thus Xn = pX for some p in the center of A as required to prove the
lemma. '
Thus we have proved the following theorem.

THEOREM 5. Let 3= A} be such that A is a division ring and n > 3.
If n is a semilinear bijection of 3 which induces an automorphism of the lattice
of inner ideals, then n is a semi-isotopy. Moreover, 1 induces the identity auto-
morphism on the lattice if and only if 7 is a scalar multiplication.
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